In many cases the most accurate information about fields in a magnet comes either from direct measurement (using for example spinning coils) or from a numerical computation done with a 3D electromagnetic code. In this paper we show how this information can he used to compute transfer maps with high accuracy. The resulting transfer maps take into account all effects of real beamline elements including fringe-field and multipole error effects. The method we employ automatically incorporates the smoothing properties of the Laplace Green function. Consequently, it is robust against both measurement and electromagnetic code errors. The method has been implemented in the code MARYLIE as a pair of userdefined routines.
INTRODUCTION
The motion of charged particles through any beam-line element is described by the transfer map M for that element. 
DETERMINATION OF THE VECTOR POTENTIAL
In a current-free region the magnetic field B can be de- From the two equations above it is clear that finding Taylor expansions for the vector potential components A,, A,, and A, (what we need) is equivalent to finding Taylor expansions for $J, , , , and +m,c in the variable p. This is easily done by a two-step process: first, we expand the modified Bessel functions I,(kp) appearing in (4) as Taylor series in the quantity ( k p ) . Doing so produces an expansion in powers of p with coefficients that involve integrations over various powers of k . Second, we observe that the powers of k can he replaced by multiple differentiation with respect to the variable E . The net results of these two steps are the relations ( a = c, s)
The index [24 indicates the 21 derivative with respect to the longitudinal variable z. The functions d!,(z) are the generalized on-axis gradients. Note that the generalized gradients depend on the longitudinal variable t. For fields produced by long well-made magnets, however, the z dependence will he significant only at the ends. We conclude that the dynamics of a charged particle passing through a region of space occupied by a magnetic field described by the scalar potential (2) is completely determined by a knowledge of the generalized on-axis gradient functions C!!-(z) and their derivatives.
COMPUTATION OF GENERALIZED GRADIENTS FROM FIELD DATA
Suppose the radial component of the magnetic field B, is known, either by measurement or computation, on the surface of some infinitely long cylinder of radius R. Moreover, suppose that the field is given in terms of an angular Fourier series, In the case where the magnetic field is produced by an iron dominated magnet, and is therefore localized in space, the integrals (8) can be considered to have, in practice, finite limits of integration. With some care, an effective cutoff can also be found even if the fields extend to infinity since they fall off sufficiently rapidly at infinity. Also, since the generalized Bessel function Ik(w) increases exponentially for large (w(, there is also, in effect, a cut-off in k for the integral (7) defining the generalized gradients.
TESTS AND EXAMPLES
The method described in Section 3 has been implemented in the code MARYLIE [2] as a pair of user-defined routines. Versions of the two routines exist for both MARYLIE 3.0, which has recently been released [SI and MARYLIE 5.0, which is still under developement. The first routine, 'usrlS', reads the magnetic field data from an external file and computes the functions &(R, z ) and B,(R, t). The second routine, 'usrlb', uses the output of 'usrl5' to calculate the corresponding tranfer map. In the input file one has to provide a listing of the B, and B, components of the magnetic field together with the coordinates (z, y, z ) of the points on the cylindrical surface of radius R on which the field is defined. For a fixed z , there are n+ equally distributed points along a circumference of radius R centered in z and there are nz such slices. A user-defined routine in MARYLIE is invoked in the master input file like any other MARYLIE command, together with the required parameters. For example, for 'usrl5' there are two sets of parameters one needs to specify. The first set consists of the file number containing the magnetic field data, the numhers n+ and nz. a scaling factor for the z coordinate and the magnetic field and the radius R. The second parameter set contains the numbers of files in which to write the normal and skew harmonics, and the values of the integrated harmonics respectively. An excerpt of a MARYLIE master input file containing a setting for'usrl5' is shown below: In Fig. 2 , as an indication of the reliability of the method, we report the 8th derivative of the generalized gradient (needed for a gth order code) calculated from the surface data (dots) compared to the anlytical profile (solid line). 
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